Some derivative free quadrature rules for the numerical evaluation of real singular and strongly singular integrals have been proposed in this paper. Rules have been tested numerically by some standard test integrals and their asymptotic error bounds have been determined.
Introduction
The strongly singular integral of the type
f (x) (x − ξ) 2 dx; −a < ξ < a;
where f (x) is a well behaved function appears frequently in many branches of physics, aerodynamics, the singular eigen function method in neutron transport, crack problem in plane elasticity and scattering theory etc. For instance in the formulation of simple crack problem (Ref. [1] ) on the whole xy-plane containing a finite cut(crack) in the region −a < x < a; y = 0; the solution satisfies the two dimensional Laplace equation
subject to condition ∂u ∂y | y=0 = g(x); −a < x < a;
where g(x) is a suitably given function. It is seen that (Ref. [2] ) when condition (3) is incorporated during the solution of the above physical problem, it leads to a divergent integral of the type(1 
appears in the formulation of many physical sciences and engineering problems. Some of the illustrious researchers: Diethelm [6] ,Bej and et al [8] , Das and Hota [7] have formulated quadrature rules for its numerical approximations and also many are still engaged in the study of this type of integrals in order to frame quadrature rules in general and specifically in case of specific integrands.The mathematical relationship between equations (1) and (4) is observed as
However it is seen that the quadrature rules meant for the numerical integration of the integral J(f ) behave very much unstable when these are applied for the approximate evaluation of the integral I(f ) due to the presence higher order singularity in the interval of integration. So, separate type of treatments have been adopted by researchers with different class of quadrature rules separately for these two type of singular integrals as given in equations (1) and (4); though these two have a strong mathematical relationship. Since the integral J(f ) with the transformation t = x − ξ is transformed to
can be rewritten as sum of the non-singular integral
(where standard quadrature rules such as Newton-Cotes type or Gauss-Legendre type of rules can be applied for its numerical approximations) and the singular integral
having singularity at origin; thus in this paper we have developed some quadrature rules of increasing algebraic degree of precision for the numerical integration of the CPV integral of the type
what in latter stages can be applied for the numerical integrations of the integrals of the type J(f ) and I(f ) as given in equations (4) and (1) respectively. Also we have applied the proposed quadrature rules for the approximations of the non-singular integral J 1 (f ) in order to measure the efficiency of our rules numerically.
Formulation of Rules
The proposed (4n − 1)-point rule denoted by R n (f ) based on the nodes 0; ± a 2n
; ± 2a 2n
; ± 3a 2n
; ...;
; is defined as
Since the nodes are prefixed, it only remains to determine the coefficients w n0 and w nk ; for k = 1(1)(2n − 1) associated with f (0) and with the block
respectively. It is to be noted here that in such rules the coefficient of f (0) i.e. w n0 is zero, for all n. The method of undetermined coefficients has been adopted to determine the coefficients w nk of the above rule R n (f ) for all n based on the following definition.
Degree of Precision:
We say that d ≥ 0 is the degree of precision of the rule R n (f ) if
holds.Now based on the above definition the coefficients w nk ; for k = 0(1)(2n− 1) of the rules R n (f ) for all n, in general are the solutions of the following set of moment equations AW = B;
where
The weights and the rules corresponding to n = 1, 2, 3 and 4 are noted below.
and
In the light of the definition of the degree of precision of the rules as given above are of precision 2, 6, 10 and 14 respectively. In general the degree of precision of the formulated open type rule R n (f ) is (4n − 2).
Scheme for the Numerical Approximation of strongly singular Integrals
The strongly singular integral I(f )(equation (1)) can also be transformed into the sum of a non-singular integral and a singular integral with higher order singularity at origin by the same transformation as suggested above. Since the class of rules that have been constructed for numerical integration of the Cauchy principal value of integrals given in equations (7) to (10) can't be readily applied for the approximation of singular integral of type
therefore, here we propose a scheme for numerical evaluation of the integral as given above by reducing the order of its singularity from two to one; and following the scheme, we present some integrals of the type I(f ) have been successfully numerically integrated. Scheme of Evaluation: For the construction of the scheme, here we assume that f (z) is the analytic continuation of f (x) in the disc Ω = {z ∈ C : |z| ≤ r; r > a} .As a result,
Since f (x) is well behaved in [−a, a], thus by Taylor's theorem we obtain
is analytic on Ω, thus the integral
is a Cauchy principal value integral and can be approximated by the rules as constructed in this paper. Therefore integral given in (11) can be transformed into
Now since the integral K is a singular integral of the type (4), thus the rules R 1 (f ) to R 4 (f ) as given from equations (7) to (10) meant for the numerical integration of the real CPV integrals may be applied for its numerical approximations. As a result the integral
;and a is the one of the end points of the interval of integration [−a, a].
Asymptotic Error Estimates
The first leading term of the asymptotic error expression associated with all the four rules R 1 (f ),R 2 (f ),R 3 (f ) and R 4 (f ) meant for numerical evaluation of real CPV integrals in order of their increasing accuracy are given in Table 1 . From these tabulated values one may be concluded that the rule R 4 (f ) is the rule of maximum accuracy among all other rules of its class. 
Rules Asymptotic Error expressions
R 1 (f ) 0.03 × f (3) (0) R 2 (f ) 9.8 × 10 −6 f (7) (0) R 3 (f ) 2.6 × 10 −10 f (11) (0) R 4 (f ) 1.8 × 10 −15 f (15) (0)
Numerical Experiments
In this section we have applied our proposed quadrature scheme for the numerical integrations of the integrals
for different values of −1 < ξ < 1. The results of their numerical integrations are given in Table 2 . Exact value 1.5309208829 -2.8224114407 Table 2 : Approx. of real singular and strongly singular integrals
